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ON RELATION OF TWO PROCESSES WITH INDEPENDENT
INCREMENTS APPLIED IN QUEUEING SYSTEMS
T.M. ALIYEV1, N.A. ALIYEV2, V.M. MAMEDOV1, §
Abstract. In the paper, by using two processes ξt and η (t) , t ≥ 0 with independent
increments, one of which is without negative overshoots and the second one is homoge-
neous in time, we study a homogeneous Markov process ξt, t ≥ 0, and we find the Laplace
transform of the generating function of transitional probabilities of the process ξt, t ≥ 0.
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1. Introduction
Let η (t) , t ≥ 0 be a non-decreasing process with independent and time homogeneous
increments, and ξt, t ≥ 0 be a process with independent increments without negative
overshoots. Let’s consider the Markov process ξt, t ≥ 0 of the following form





, a ≥ 0, b > 0 (1)
where η∗ (x) is the process having the same distribution as η (x) − η (0). From (1), it














, x > 0. (2)
These transitions as ∆ ↓ 0 determine infinitesimal operator of the process ξt, t ≥ 0. Note
that if the phase spaces η (t) and ξ (t) consists of integers a = 0, then ξt is the queueing
length for queueing system M/M/1. And if a > 0, we have another Markov chain.
Introduce the denotation
Pt (A) = P {ξt ∈ A} , A ⊂ (0,∞) ,
P 0t = P {ξt = 0} .
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+ o (∆) .
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+ o (∆) , (3)
where h (λ) and ρ (λ) are the cummulants for characteristic functions of the processes
η∗ (t) and ξt, respectively.























Then between ϕt (λ) and ψt (λ) we have such a relation
−a∂ϕt (λ)
∂λ
= ϕt (λ)− bψt (λ) . (5)
In Laplace transformations the relations (4) and (5) take the form





ϕ̃s (λ)− P̃ 0s (λ)
]
+ h (λ) ψ̃s (λ)
−a∂ψ̃s (λ)
∂λ
= ϕ̃s (λ)− bψ̃s (λ) .
With application of theory of semi-markov and markov processes to investigation of
such characteristics as the queueing length, average service time, etc. of different queue-
ing systems a lot of authors from this field have been engaged So, in the monograph of
T.I. Nasirova [1], a full scheme of application of theory of semi-markov processes to inves-
tigation of the queueing system was studied. In [2], by studying the probability processes,
in particular the processes with independent increments and by describing the queueing
system, the so called updating method was used. In the paper [3], the distribution of the
semi-markov walk process with positive drift and negative overshoots were studied.
Though the processes considered in these or other papers are directly connected with
the problems of queueing theory, control of resources and so on, they have no property
of sign variability. The peculiarity of the studied process ξt, t ≥ 0 is that this process is
characterized by its sign. More exactly, if for all t ≥ 0, ξt > 0, then its investigation is
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reduced to studying the processes ξt, t ≥ 0 with independent increments without negative
overshoots and η∗ (x) , x ≥ 0 having the same distribution as η (x) − η (0). If for all
t ≥ 0, ξt ≤ 0, then we deal with one process η∗ (t) , x ≥ 0.
In the lattice case, for a = 0 we find the Laplace transform of the generating function






, t ≥ 0, k, r ∈ {0, 1, ...} of the process
ξt, t ≥ 0. The obtained results are interpreted for the queueing system M/M/1 in the
case of unordinary arrivals of the requirements flow. At the case of finiteness of intensity
of arrivals λ =
∞∑
k=1
λk < ∞, the explicit form of the generating function of stationary
distribution of the queue length of the considered queueing system is updated.
2. Basic results
Let us consider the case when ξt, t ≥ 0 has a lattice distribution, and {qkj} ,
k, j ∈ {0, 1, ...} are its local characteristics. Then
qk+1,k = ν, qkr =
λr − k
ak + b
, r > k,





, t ≥ 0, k, r ∈ {0, 1, ...} be transitional probabilities of the chain ξt, t ≥ 0.
Introduce the denotation









θr, |θ| ≤ 1
p̃k (s, θ) =
∞∫
0
e−stpk (t, θ) dt, q̃k (s, θ) =
∞∫
0







In these denotation we have the system{











aθ ∂q̃k(s,θ)∂θ = p̃k (s, θ)− bq̃k (s, θ) ,
(6)
where








The system of equations (6) is equivalent to the equation
a (ν + s) θ (θ − θ0)
∂q̃k (s, θ)
∂θ
= [aλ (θ)− b (s+ ν) (θ − θ0)] q̃k (s, θ) +




Now solve equation (7). For θ = 0 we have
q̃k (s, 0) =
ν
bν − aλ
· p̃k0 (s) ,
where p̃k0 (s) , k ∈ {0, 1, ...} is to be determined.
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aλ (θ)− b (s+ ν) (θ − θ0)
a (ν + s) · θ (θ − θ0)
q̃k (s, θ) +
θk+1 − ν (1− θ) p̃k0 (s)
a (ν + s) · θ (θ − θ0)
(8)
whence [4,5]

















k+1 − ν (1− χ) p̃k0 (s)
a (ν + s)χ (χ− θ0)
dχ.
From (8) for θ = 0 we find

























k+1 − ν (1− χ) p̃k0 (s)
a (ν + s)χ (χ− θ0)
dχ
or






aλ (µ)− b (s+ ν) (µ− θ0)








aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ · χ
k+1








aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ · ν (1− χ)
a (ν + s)χ (χ− θ0)
dχ. (9)
Further, writing the first equation of the system (6) in the form



























aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ · aλ (θ)− b (s+ ν) (θ − θ0)











aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ×
×aλ (θ)− b (s+ ν) (θ − θ0)
a (ν + s) θ (θ − θ0)
χk+1
a (ν + s)χ (χ− θ0)
dχ−
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−
p̃k (s) ν (1− θ)







aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ×
×aλ (θ)− b (s+ ν) (θ − θ0)
a (ν + s) θ (θ − θ0)
ν (1− χ)






















− bq̃k (s, θ) .
Introduce new denotation





aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ
aλ (θ)− b (s+ ν) (θ − θ0)
a (ν + s) θ (θ − θ0)
,
B (s, θ) =
ν (1− θ)







aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ×
×aλ (θ)− b (s+ ν) (θ − θ0)
a (ν + s) θ (θ − θ0)
ν (1− χ)
a (ν + s)χ (χ− θ0)
dχ,






aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ,






aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ,






aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ,
M (s, θ) =
θk+1







aλ (µ)− b (s+ ν) (µ− θ0)
a (ν + s)µ (µ− θ0)
dµ×
×aλ (θ)− b (s+ ν) (θ − θ0)
a (ν + s) θ (θ − θ0)
χk+1
a (ν + s)χ (χ− θ0)
dχ.
Passing to these denotation in relations (9) and (10), we get:
aθA (s, θ) p̃k0 (s)− aθB (s, θ) p̃k0 (s)−
−1
s
λ (θ) p̃k0 (s)D (s, θ) +
1
s
























λ (θ)F (s, θ)− b (s, θ)− aθM (s, θ) ,
whence we find the Laplace transform p̃k0 (s) of transitional probability pk0 (t) ,















F (s, θ)− aθM (s, θ)
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does not depend on the parameter θ, therefore if we differentiate the right hand side of
(11) with respect to θ, we get 0. From the second equation of the system (6) we have























that contains the known variables p̃k0 (s) and q̃k (s, θ) , k ∈ {0, 1, ...}. Knowledge of
p̃k (s, θ) , k ∈ {0, 1, ...} enables to find the inverse Laplace transform pk (t, θ) , i.e.,





estp̃k (s, θ) dt, k = 0, 1, ...
We can establish that if the chain ξt, t ≥ 0 is ergodic, i.e., there exists the limit
lim
t→∞






r, |θ| ≤ 1
then in the case of the system M/M/1 for a > 0 and
∞∑
k=1
kλk < ∞ for P (θ) it holds the
following formula

























In the paper, by the two processes ξt and η (t) , t ≥ 0 with independent increments; one
of which is without negative overshoots and the second one is homogeneous in time, we
study a homogeneous Markov process ξt, t ≥ 0 given in the form





, a ≥ 0, b > 0,
where η∗ (x) has the same distribution as η (x)− η (0) , x ≥ 0.
In the lattice case, for a = 0 and integrity of phase spaces of the processes ξt and
η (t) , t ≥ 0 we find the Laplace transform of the generating function Pk (t, θ) of transitional
probabilities {Pkr (t)} , t ≥ 0, k, r ∈ {0, 1, ...} of the process ξt, t ≥ 0.
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